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XVII. Reflexions on the Communication of Motion by Im~ 
pa£i and Gravity. By the Rev. Ifaac Milner, M. A. 
Fellow of Queen's College, Cambridge. Communicated 
by Anthony Shepherd, D. D. F. R, S. and Plumian 
Frofejfor at Cambridge. 



Read Feb. 2t>, r T-*HE theory of moving bodies was little 
1778. £ 

-*• underftood by the philofophers who 

lived in the fixteenth century. They obferved, that a 
body, once put into motion, continued to move for fome 
time after the force was impreffed; but they argued very 
ftrangely from this ordinary phaenomenon. Far from 
confidering the air as a refitting medium; they fuppofed 
with aristotle and the ancients, that it was the perpe- 
tual influx of the parts of the atmofphere which con- 
tinued to urge the body forward and preferve its motion. 
When a body is projected in any direction inclined to the 
horizon, the gravity of its parts is always obferved to 
bend the direction of its motion into a curve line; and 
becaufe this gravity remains invariably the fame, what- 
ever the force of projection be, in very fwift motions, the 
figure defcribed may approach very nearly to a right line. 

This 
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This laft circumftance induced fome of the philofophers 
we are fpeaking of to believe, that a cannon ball, for in- 
ftance, always moves in the fame flrait line till its velo- 
city is entirely deftroyed ; and that afterwards it defcends 
towards the earth in a direction perpendicular to the ho- 
rizon. Others thought they mended the matter by fuf- 
pending the action of gravity for a certain period only ; 
by allowing the latter part of the path to be curvilinear; 
and laftly, the body to defcend to the earth in a ftraight 
line, as in the former cafe. We, in thefe days, who have 
feen the gradual improvements in mechanics from time 
to time, are not furprized, that men, in the infancy of 
that fcience, ihould have embraced abfurd and ridiculous 
principles: we rather wonder, how the author (a) of the 
notion juft mentioned was able to form any juft eftimate 
of the horizontal ranges of projectiles, and to difcover 
their maxima. Whether by conjecture, or probability 
of induction, we are unable to determine; but fo it was, 
tartalea affirmed, what has fince been found true upon 
unexceptionable evidence, that the amplitudes of pro- 
jectiles upon the horizon are always greateft when the 
angles of projection are equal to 45°. But the praife of 
this difcovery, as well as whatever elfe relates to the ac- 
celerated motions of bodies near the furface of the earth, 

(a) NICH. TARTALEA. 

is 



34$ ^* Wtmm&n tie Gommuntmtlon^f 
is juftly due to thef iflcdmpa*abte GAl.il.goi The theory 
of mecjiatiics had received no considerable improvement 
-Huce the tioie of arcuimedes, when this iurprifcing ge- 
nius appeared in the former part of the feventeenth cen> 
tury. He difearded the peripatetic philofophy; explained 
the whole doctrine of aecelerated motion and of project 
tiles : in a word, he lb much exhaufted the fubject, that 
the belt treatifes toe have at this day ate little more than 
a repetition of Galileo's difcoveries. 

This phuolbpher, as far as weknow, never attempted 
to ihveftigate the* laws by which motion is communis 
cated from one body to another. The celebrated de$ 
cartes is the firft we hear of who gave any attention to 
the fubject; and the refult of his enquiries is what might 
reasonably be expected from fo whimfical and romantic 
a genius; he blundered in this, as in all other cafes, 
where he was not confined to pure mathematical rea* 
fonings. Our countryman, Dr. wallis, made a real pro- 
gress in this fcience, by difcovering that fundamental law 
in the communication of motion, visa that action is equal 
to re-actibn, and always in contrary directions: wren, 
huygens, confirmed the fame thing; and the whole 
theory of the collifidn of bodies, and their mutual actions 
upon one another, feeraed to be advancing fall towards 
perfection. 

But 
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But a new opinion was now ftarted by M. lEIbnitz 
concerning the forces of bodies in motion. The force of 
a body in motion and its momentum had hitherto been 
considered as fynonymous terms, and had alike been mea* 
fured by the quantity of matter and velocity conjointly. 
On the contrary, leibnitz and his followers affirmed, 
that the force was proportional to the quantity of matter 
in the moving body and the fquare of its velocity* It is 
needlefs to relate all that pafied on both fides : fo ma- 
terial an oppofition in fentiment neceffarily produced 
Very warm contention \ and, as it generally happens in 
other difputes, we do not hear of any convicTaon being 
produced on either fide. 

After furveying the arguments of the difputants, it is 
not eafy to fay, whether the agitation of the queftion 
before us has contributed to retard or advance the pro- 
grefs of truth and fcience. On the One hand, many in- 
genious experiments have been made, many curious pro* 
blems invented and refolved, which probably would 
never once have been thought of by men who were in 
the purfuit of truth in a more cool and deliberate way* 
and, on the other hand, it may juftly be affirmed, that 
the violence of prejudice and party*fpirit has fd much 
clouded the reafonings of the beft Writers j that We fenfi- 
bly feel their influence to this day. I need not diflemble 1 
Vol. LXVIII. Y y ** 
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it is a ferious perfuafion, that the laws by which motion 
is communicated are ftiil very materially miftaken by 
fenfible perfons, that induced me to throw together the 
following hints, and to lay them before the Royal So- 
ciety. The right underftanding of thefe laws is of the 
laft importance in practice: the good or bad fuccefs of 
fbme very expeniive projects has depended upon it ; and 
certain excellent artifts have been difappointed in the 
execution of their plans, and unable to reconcile the ap- 
parent contradiction between theory and experiment. 
From the length of time, which has elapfed fince leib- 
nitz firft advanced his new opinions, and the abilities of 
the philofophers who engaged in the conteft, one might 
have expected, that the whole matter would long before 
this have been cleared up in a fatisf actor y manner; efpe- 
cially when we confider, that the communication of mo- 
tion from one body to another is what every moment 
happens before, our eyes, and that particular experiments 
are made in this doctrine with the greateil fimplicity and 
convenience. This part of rational mechanics however 
is not yet generally underftood, as we may fairly pre- 
fume from the difference of opinion which flill fubfifts 
among the learned. I freely own, it appears to me, that 
no new experiments are wanting; no new geometrical 
reafonings or conftructions : the improved parts of geo- 
metry 
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metry have been already applied to the theory of motion 
in numberlefs cafes, and a variety of well attefted expe- 
riments have been clearly explained to vis by authors. 
The laws of motion, in certain cafes, are inconteftable, 
and no author of eminence contradicts them : it is from 
a miftaken application of thefe laws that a difference of 
opinion has arifen. It is obvious, that the laws of motion, 
as defcribed by Sir isaac newton, may, in a certain 
fenfe, be founded on experiment; and yet, if they are 
extended to cafes where they cannot be applied, the con- 
clufions mull ftill be erroneous. My defign in thefe 
pages is to point out diftinctly what is real in this dif- 
ference of opinion from what is merely verbal, and to 
explain the caufes of it. This, which perhaps will ap- 
pear to have never been done with fufficient preciiion, 
feems to be the molt effectual way of preventing mif- 
takes. Geometry and algebra will lead us wrong, if our 
principles are ill founded: experiment itfelf, if we are 
not extremely careful, will deceive us in forming a ge- 
neral deduction, or what is called a law of nature. The 
controverfial writings of the moft able authors will em- 
barrafs and perplex our judgements; but when we have 
once difcovered the grounds of their mutual miftakes 
and mifapprehenfions, there is reafon to think, that we 

Y y a mall 
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fhall both underftand the fubje& ; better than we did be- 
fore, and be more on our guard for the future*. 

The firft law of motion, as exprefied by Sir isaac 
newton, is unexceptionable: nobody denies that a body 
perfeveres in aftate of reft or uniform motion in a right 
line, till affecled by fome external influence* It is the 
third law of motion which has produced all this confu- 
fion and perplexity. " Action! contrariam femper et 
" aequalem efle rea&ionem: five corporum duorum ac- 
" tiones in fe_ rautuo femper sequales et in partes con- 
if trarlas dirigi." Thefe words of Sir isaac newton 
convey to us as clear an idea as can poffibly be conceived 
with fo much concifenefs. It muft however be confefled, 
that his illuftration is not fo very perfpicuous^. To fey, 
that when a man preffes a ftone with his finger, his fin- 
ger is equally prefled; and when a horfe draws a ftone 
by a cord,, the horfe is drawn equally backwards towards 
the ftone; is a moft indiftin& and popular way of fpeak- 
ing, and can never make evident what was before not 
underftood. 

(b) Quicqmd premit vel trabit alterum, taatundemab eo jwemitar vel tra- 
bitur. Si qui* lapidem. digito premit, premitur et huju» digitus a Iapjde. Si 
equus lapidem funi alligatum trahit, retrahitur etiam et equus (ut ita dicam) 
aequaliter in lapidem: nam funis utiinque. diftentus eodem relaxandi fe. coualu. 
urgebit, equura verfus lapidem, ac lapidem verfus. equuni; tantumque impediet 
pogreiFurn unius quantum promovet progreffuro alterius, &c. newton Princip. 

Some 
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Some tifeful writers, who have copied after Sir isaac 
Newton, have talked in the fame way; and only in- 
creafed the ambiguity by being more diffufe. Mr. mac- 
laurin himfelf, who engaged very warmly in this de- 
bate with the foreign mathematicians, and who, to fay the 
truth, feems to have underftood the nature of the con- 
troverfy better than any one elfe, is frequently unguarded 
in his expreffion. In chap* II. book 2. of his account of 
newton's difcoverieSjhe is defcribing the laws of motion, 
for the firft time, and one naturally expects a more than 
ordinary precifion and exa&nefs. There he blames,, 
very juftly, the oppofers of the Newtonian definition of 
motion for miftaking the direction in which the motion, 
loft or communicated, ought always to be eftimated. But 
in p. 1 2 a: w , he thus expreffes himfelf: " When two 
" bodiesmeet, each endeavours to perfevere in its ftate, 
" and refifts any change; and becaufe the change, which 
" is produced in either,, may be equally meafured by the 
" a<5tion,. which it exerts upon the other, or by the re- 
" fiftance,. which it meets with from itj //■ follows y that 
" the changes produced in the motions of each are 
" equal; but are made in contrary directions." I cannot 
poflibly conceive, that fo fkilful and accurate a philofo- 
pher could believe, that the third law of motion was an. 

(c) Oftavo edition. 

4 inference 
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inference of reaibn, exclufive of all experiment; and 
yet, if words have any meaning at all, the above quota- 
tion inclines us to think fo. It is true, the change which 
is produced in either body may be meafured by the 
action which it exerts upon the other, or by the refift- 
ance which it meets with from the fame : but what are 
we to underftand by action or refiftance, until they are 
explained by more intelligible terms? or, when they are 
explained by terms which do not neceffarily imply the 
fame thing, how do we know that their meafures are 
equal, or that they are made in contrary directions, until 
thefe truths be eftabliihed by experiments ? A law of na- 
ture is not merely a deduction of reafon: it muft be 
proved, either at once and direcily, by fome fimple and 
decifive experiments; or if that cannot be done, by fuch 
experiments as enable us to collect its exiftence by the 
afliftance of geometry. However obvious thefe reflec- 
tions may appear, I thought it neceffary to take notice of 
maclaurin's affertion; becaufe in confequence of that 
and fimilar expreffions, young philofophers are ex- 
tremely puzzled in the beginning of their ftudies, and 
becaufe I have known fome, who are more experienced, 
affirm, that the third law of motion is nothing more 
than a definition. I now proceed to the confideration of 
particular cafes. 

7 CASE 
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case THE first. Suppofe a and b to reprdent the 
magnitudes of two fpherical bodies, and a and b their 
refpedtive velocities in the fame direction ; fuppofe a to 
be greater than b, and a will overtakes; and if the bo- 
dies are non-elaftic, they will proceed together in the 
fame direction as one mafs : if they are perfectly elaftic, 
whatever effect has already been produced by the colli- 
iion, will be repeated; and, becaufe in the firft cafe there 
is no relative velocity after the ftroke, in the fecond the 
relative velocity before and after the ftroke will be the 
fame, and in contrary directions; and in either cafe, the 
motion loft by the ftriking body is found to be always 
equal to the motion communicated to b> and in a con- 
trary direction. In this fenfe action is equal to re-action j 
and every* experiment which has yet been produced, 
where a clear judgment could be formed of th'e effect, 
has confirmed the fame thing. All the experiments 
which are ufually brought to determine the impreffions 
made upon foft bodies, as mow, clay, 8cc. are. abfolutely 
unfit for the purpofe. The circumftances, which take 
place in the production of thefe effects, are fuch as we 
can never difcover. The directions in which the parti- 
cles recede, the velocities they acquire, their mutual ac- 
tions upon one another, and laftly, the time, in which 
thefe effects are performed, are all beyond the reach of 

compu- 
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computation. The other principle, that the relative ve- 
locity of a and b is not altered by the ftroke, is neither 
to be demonftrated nor confirmed by experience; it is a 
direct confequence of the definition of elafticity. Again, 
fuppcfe a and /3 to reprefent the refpective velocities of 
a and b after the ftroke, and from thefe data it is eafily 
inferred, that a^ + b/S'^a^ + b^ 2 : for a~b is equal to 
j6-«, becaufe a~b is the relative velocity before, and 
.'jS-« the relative velocity after, the ftroke. And a# +b£ 
is equal to Aa+BjS, becaufe thefe quantities reprefent the 
fum of the motions before and after the ftroke refpec- 
tively; and from thefe eqviations the above equation is 
deduced, fhewing, that in elaftic bodies the fum of the 
two bodies multiplied by the fquares of their abfolute 
velocities, is not altered by the ftroke. * 

The fame theorem A .^_ _^ , n 

may be demonftrated !> s G 

geometrically in the following manner. Let the veloci* 
ties of A and b be reprefented by ad, ab, refpectively J 
and let o be their center of gravity, when placed at b 
and d ; the velocity of A after the ftroke will be repre- 
fented by b^, if Gg be taken equal to gd, and the velo- 
city of b by ab+ 2BG. From the nature of the center of 
gravity axgd=bxBg, and ax.gdx4Ag=bxbgx4AG= 

bx 
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Bx4BG* + 4BGx ab. Add to both fides Ax a/-+bxab", 
and weihall have ax ad'+bx ab' = ax a/+bx ab + 2Bg\ 

We are not to wonder, therefore, upon making trials 
with perfectly elaftic bodies, if any fuch exiftcd, were we 
always to find their vires viva, as the foreigners exprefs 
themfelves, neither increafed nor diminifhed by the 
ftroke. They define the force of bodies in motion, or 
their vis viva, to be in a compound ratio of their quan- 
tities of matter, and the fquares of their velocities ; and 
certainly fuch a definition implies no contradiction or 
impoflibility. The term force, in a loofe and ordinary 
way of fpeaking, conveys to us no determinate idea at 
all, and therefore, until it be defined, is incapable of 
being ufed to any good purpofe in philofophy: whe- 
ther this or that definition come nearer to the general 
fenfe in which it is ufed indiftin&ly enough in common 
language, is entirely another queftion. We may go far- 
ther, and add, that in their ufe of the words, becaufe the 
fum of the forces of elaftic bodies is never affedted by 
the ftroke, it is not unnatural to fay, that action is there- 
fore equal to re-a&ion, and that no force is loft by one 
body but what is communicated to the other. But if we 
will go fo far, and thereby change the meaning of the 
terms action and re-a&ion and their meafures, we ought 
at leaft to guard our readers from miftaking us, however 

Vol. LXVI1I. Z z convenient 
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convenient fuch modes of expreffion may appear. Be- 
caufe hcC + BjS 2 is equal to ha z + b£% it is true that no force 
is loft by a but what is communicated to b; but not in 
the fame fenfe in which it was affirmed that no motion 
is loft by A but what is communicated to b. In that cafe 
the fquares of their abfolute velocities are understood ; in 
this, their velocities reduced to the fame direction. How- 
ever, no material ill confequence can poffibly arife from 
fuch a notion of action and re-action, as long as the quef- 
tion is fuppofed to concern only elaftic bodies : but real 
mifchief is done, and the debate ceafes to be verbal,, 
whenever the law of the equality of action and re-action 
is faid to take place in the collifions of all forts of 
bodies. 

case the second. But the truth of thefe remarks,, 
and the neceffity of attending to the precife ufe of terms,, 
will appear in a ftill ftronger light, if we confider the fo- 
lution of a problem given us by j. Bernoulli^. 

Suppofe that two equal and fpherical bodies, A and »,. 
ftruck at once in the direction cd perpendicular to the 
line joining the centers of a and b with a velocity repre- 
fented by a. Let the quantity of matter in c be called: 
m, and the quantity of matter in a or b, n : let the veto- 
es Difcoms fur Ie mouvement. 
6 city 
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city of c after the ftroke be reprefented by x, and that of 
a or b in the direction ac or cb by y, and fuppofe 
p : q :: rad. : cofin. lcd. Then, becaufe ma the quantity 

of motion before the ftroke is equal to mx+^—y the 
quantity of motion after the ftroke, and ma* is equal to 
mx*+2ttf, becaufe the quantity of force is not altered 

by the colMon; he eafily finds x - y*"^'!" - and y = 

Ipqma 
f z m+2fn' 

There is no problem which deferves to be more con- 
sidered than this by a perfon defirous of having a clear 

Z z a idea 
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idea of the grounds of that contention which has lub- 
fifted fo many years. We here fee Bernoulli taking it 
for granted, that the quantity of force in elaftic bodies is 
no ways affected by their mutual actions, whether direct 
or oblique ; and the moft furprizing circumftance is, that 
he fjhould not fo much as hint at any apparent difficulty 
in the prefent cafe, after he had been fo very diffufe in 
illuftrating others- which were much more fimple. No 
doubt he believed this principle to be a direct confe- 
quence of the equality of action and re-action, and there- 
fore it is plain he could not mean the fame things by thofe 
terms as we do at prefent. He believes no force is gained 
or loft by impact; he defines force by quantity of matter 
and fquare of the velocity conjointly ; and in eftimating 
the velocity, he pays no regard to the direction in which 
the bodies are moved. Let us not cavil at his words : we 
cannot miftake his meaning. The queftion is, how far 
thefe notions are agreeable to experience; how far they 
are confiftent with fome other principles which are in- 
conteftable, and which he himfeff has admitted : for in- 
ftance, he admits it as an undoubted principle, that the 
quantity of motion in any fyftem of bodies is preferved 
invariable, when eftimated in a given direction, in all 
their colliiions and mutual actions upon one another; 
and in this he entirely agrees with the followers of Sit 

ISAAC 
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isaac newton. Let us attend to the confequences of 
thefe two different principles in the very cafe propofed 

by j. Bernoulli. And firft, becaufe ma-mx*-"^- 1 * 

by tranfpofition we have mx.a-x-~-~-^ which is faying 
no more than that the motion loft by c is equal to the 
fum of the motions gained by a aad b, eftimated in the 
fame direction cd. By a fimilar procefs from the fecond 
equation, we deduce mxa+xxa-x=2nq"", and there- 
fore the comparifon of the two equations gives -• a+:i =zy. 
The quantity y therefore, or the velocity of a or b after 
the ftroke, muft neceffarily be equal to the fum of the 

two quantities — * and ~ . In the figure, let cd reprefent 
the velocity of c before the ftroke, and ch the velocity 
after it, and let fall the perpendiculars h#, dl, upon the 
direction ac. It eafily appears, that en is equal to 

— and cl equal to ~, becaufe ch : cn :: cd : cl :: rad. : 
cof. lcd ::q:p. And now the whole controverfy is re- 
duced into a narrow compafs ; for whether the two prin- 
ciples aflumed by this author be confiftent with experi- 
ence or not; it is impoflible they fhould be confiftent 
with, one another, unlefs cn + ch fhall be found to mea- 
fure the velocity of a in the direction cl. Suppofe c r to 
be the velocity of c after impact, when all the bodies are 

perfectly 
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perfectly hard, and letting fall the perpendicular rs; cs 
will be the velocity acquired by a in that cafe ; and, uni- 
versally, the velocity acquired by a will be equal to 

c s+ — , if the elafticity of the bodies be to perfect elafticity 
as 1 : m. In order to determine, therefore, when c/z+cl 

C S 

can poflibly be equal to cj+ — , or, which is the lame 
thing, LS+cn equal to ~, we are to confider that n s : l s:: 
I'.m: and becaufe c « is equal to cs-sn, cn=cs — s > 
and it is obviovis that cs+ls~~ can never be equal to 

C S 

— , unlefs m be taken equal to unity, and Bernoulli's 

hypothefis is plainly impoffible in all cafes where the 

bodies are not fuppofed perfectly elaftic. 

But though we confefs the learned author, who firft 

folved the problem we have been confidering, deferves 
no commendation for propofing in a general form what 
ought to have been reftrained to a particular cafe, yet it 
will by no means follow, that every argument which has 
been advanced againft this doctrine is either intelligible 
or fatisfacliory. Of all the objections and experiments 
which have been ftarted and contrived to refute the 
new opinions of the German philofophers, there is none 
which carries a greater degree of plaufibility along with 
it, thaftia celebrated invention of Mr. maclaurin. It is 

extremely 
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extremely fimple, eafy to be defcribed ; and I do not find 
that it has ever been anfwered by any of the advocates 
for the new doctrine of forces. 

" Let A and B be two equal jj r 

" bodies that are feparated from 

" each other by fprings inter- 

" pofed between them, in a 

" fpace efgh, which in the ® 

" mean time proceeds uniformly in the direction BA.(in 

" which line the fprings act) with a velocity as 1; and 

" fuppofe that the fprings imprefs on the equal bodies a 

" and b equal velocities, in oppofite directions, that are 

" each as 1 . Then the abfolute velocity of a (which 

" was as 1) will now be as a; and according to the new 

** doctrine its force as 4 : whereas the abfolute velocity 

" and force of b (which was as 1 ) will now be deftroyed ; 

" fo that the action of the fprings adds to a a force as 3, 

" and fubducts from the equal body b a force as one 

" only; and yet it feems manifeft, that the actions of the 

" fprings on thefe equal bodies ought to be equal, and 

" M. Bernoulli exprefsly owns them to befo^. lihall 

only juft obferve, that if M. Bernoulli exprefsly owns, 

that fprings, interpofed between two bodies in a fpace, 

which is carried uniformly in the direction in which the 

(e) Book. II. chap. 2. Account of newton's difcoveries^ 

fprings- 
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fprings act, will always generate equal forces in the bo- 
dies according to his own definition of that term, he talks 
more inconfiilently than I have obferved him to do: on 
the contrary, if I could find that he has anfwered this 
famous argument (which Dr. jupun propofed over again 
in Phil. Tranf. vol. xlii 1 . with a conditional promife of em- 
bracing the Leibnitzian doctrine) by fimply faying, that 
fprings he confiders as motive forces, or, when the bodies 
are equal, as accelerating forces ; and that their actions 
are equal, when in equal times they generate equal velo- 
cities, but not neceffarily equal forces, in the equal bo- 
dies; I mould not make the leaft fcruple to own that I 
thought his reafoning folid and conclufive, and his dis- 
tinctions a full anfwer. to every objection of that fort^. 
case the third. The two preceding cafes are cu- 
rious examples of the force of prejudice and party-fpirit. 
In the latter particularly it does not appear that j. ber- 

.(f) No doubt maclaurin refers to the following paffage of Bernoulli, 
" La force du choe, «u de Faflion <fcs corps les uns fur les autres, depend unique- 
" ment de leurs viteffes refpe&ives; or il eft vifible que les viteffes refpectives 
" des corps ne changent pas avant le choc, foit que le plan ou l'efpace qui les 
'• cor.tient foit fans mouvement, foit qu'il fe meuve uniformement, fuivantune 
" direction donnee, les viteffes refbe&ives (eront done encore les memos aprcs 
« le choc." 

This quotation puts the matter beyond difpute. It is plain, Bernoulli, 
though he does make ufe of the word action, is only fpeaking of the motion loft 
or communicated, and the relative velocities of the bodies : there is not the 
moft diftant hint at the change in their abfolute forces. 

NOULLI 
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tfouLLi knew the prefervation of the vires viva to be an 
infallible confequence of perfect elafticity in bodies; or 
indeed that he had any other reafon for taking that prin- 
ciple for granted, but becaufe he was not able to prove it. 
All the inftances that are ufually brought on both fide* 
are to be treated in a fimilar way. The meaning of the 
terms muft firft be defined ; then the principles aflumed 
explained; and if we cannot tell at firft fight, whether 
they are agreeable to experience or not, as is frequently 
the cafe; we muft examine into their confequences by 
the afliftance of geometry, and we fhall at laft arrive at 
fbme fimple principle, the exiftence of which is necef- 
farily implied in the original hypothefis. The collision 
of fpherical bodies is the moft fimple way of communi- 
cating motion from one to another; and therefore fuch 
examples are better adapted to throw light ©n a disputa- 
ble queftion, than where the fuppofitions are more per- 
plexed with mechanical contrivances. Befides, when the 
theory of mechanics is well underftood, and the founda- 
tions of error difcovered, the fame reafonings are eafily 
transferred to other cafes, and fimilar precautions applied. 
Indeed practical artifts have little to do with the fudden 
communication of motion by impadt. The collifions of 
bodies are too violent operations to enter into the com- 
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pofition of ufeful machines, in which motions are rather 
to be preferved by the gradual effects of weights and 
preflures. An accurate knowledge therefore of thefe 
effects is more eflential to the interefts of fociety ; and 
the only way of arriving at fuch a knowledge is always 
to diftinguifh thofe principles which nobody denies, 
from thofe others which are found to take place only in 
fome particular circumftances. The following problem 
was propofed, and a folution given to it long ago, by 



D. BERNOULLI^. 



(g) Comment. Petrop. torn. II. 
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" Sit grave aliquod 
" cujufcunque figuraa 
" cba, cujus centrum 
" gravitatisfitn; ex quo 
" et radio d m defcriptus 
" intelligatur circulus 
" mnp, cui filum cir- 
" cumvolutum eft pmn, 
" cujus fili extremitati 
" appenfum fit pondus 
" Q_, quod defcenfu fuo 
" grave cba in gyruni 
" agit circum centrum 
" gravitatis d, dico velo- 
" citatem corporis q. fe- 
" quentem in modum 
" determinari poffe. Sit 
" m© = «; confideretur 
" corpus fufpenfum ex 
" pun&o m ofcillari,efie- 
" que centrum ofcilla- 
" tionis in o, fitque 
" do =£, pondus gravis totius cbA=p, pondus corporis 
" appenfi =p\ altiriido ex qua. corpus Q_delapfum eft =r ; 
** altitudo quaefita per quam grave aliquod cadendo ac- 

A a a 2 " quirere 
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" quirere poult velockatem corporis Q=#; dico fore z- 
" afi+be » ^ ** tempus quo corpus naturaliter cadit, per 
" altitudinem r dicatur /, erit tempus infumptum a cor* 

" pore <z=t\J ap+ P , id quod experientiae conforme efle 

<c plurimis inftitutis experimentis femper inveni." 

Both thefe conclusions are derived by this author from 
the principle, which they call the confervatio virium vi- 
varum; but as he has not given us the feveral fteps of 
his reafoning, it may be ufeful to fupply them here, be- 
fore we proceed to make any remarks upon his folution* 
And firft, fuppofe the axis at d to be perpendicular to the 
plane of the figure, and conceive the whole body to be 
refblved into an indefinite number of prifmatic particles, 
each of which is perpendicular to the fame plane. Let 
e reprefent the fum of all the particles multiplied by 
the fquares of their refpe&ive diftances from the axis; 
and e fhall be equal to vxab, as is demonftrated by all 
the writers who treat of the center .of gyration. Let v 
be the velocity which is actually acquired by Quarter it has 
defcended through the fpace r ; v the velocity which it 
would have acquired by the fame defcent, provided the 
body had fallen freely by its gravity; and becaufe the 
vires viva are incapable of diminution or iacreafe, we 

have 
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have pv*=pv*+ -~- . For fince v is the velocity of q. 
at a certain period of its defcent, and is to the velocity 
of any prifmatic particle in the body as the diftance m D 
from the axis to the diftance of that particle from the 

fame, it is evident that r ^-£- will truly reprefent the fum 

of all the particles multiplied by the fquares of their ve- 
locities. v a is therefore to <u* zsap+bv to ap, and the 
whole force of gravity is to the force which accelerates 
the motion of Q_in the fame ratio, becaufe in uniformly 
accelerated motions, when the fpaces defcribed are the 
fame, the accelerating forces are in the duplicate ratio of 
the velocities. It is obvious, that the motion of Q_is uni- 
formly accelerated, becaufe the velocity acquired by any 
defcent is to the velocity of any point in the body always 
in the fame ratio ; and therefore the action of coupon the 
body is the fame as if both were at reft. Farther, the 
altitude z through which a heavy body muft fall to ac- 
quire the velocity v is plainly equal to r x ~j^, for the 
altitudes z and r are inverfely, as the forces which gene- 
rate the equal velocities. Laftly, the time of ojs defcent 

is equal to / x \j a -t±^ ; becaufe the times are always in 
the fub-duplicate ratio of the fpaces directly, and forces 
inverfely. 

Is 
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It is now extremely eafy to trace thefe expreffions 
back again in a contrary order, and to fhew, that if thefe 
laft equations are true, the original one mull: be true alfo ; 

that p x v 2 muft necefTarily be equal to -Ar- + p <y% or, 
which is the fame thing, that the body ^multiplied into 
the fquare of its velocity, and added to the fum of all the 
produces which arife by multiplying every particle into 
the fquare of its refpective velocity, is equal to the body 
q_ multiplied by the fquare of the velocity which it would 
have acquired by the fame defcent in vacuo. 

Now this is to give the argument its full force ; and 
fince the conclusions are confirmed by repeated experi- 
ments, as the author himfelf allures us, it is prefumed, 
that the premifes can be liable to no juft exception. If 
we do not think with the advocates for this doctrine, that 
the vires viva muft always remain the fame from the 
thing itfelf, they will force our affent by the teftimony of 
experience, and oblige us to admit their principles when 
we find it impofiible to deny the confequences. 

A prudent philofopher is always afraid to pronounce 
generally concerning the exiftence of caufes, which are 
attended with a variety of circumftances, and are com- 
plex in their operations. To fay that the quantity of 
force in bodies remains invariably the fame, feems to be 

a propo- 
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a propofition of this kind. The mutual actions of bodies 
upon one another, efpecially when their gravity is taken 
into the queftion, depends upon fo many confederations, 
and the cafes which may be put are capable of fuch an 
infinite variation, that it is impoffible almoft to draw a 
general inference of this nature. Even when experi- 
ments are produced, which feem to prove the point, one 
is apt to fufpe<5t the univerfality of the conclufion, and to 
imagine that it may poffibly be owing to fome particular 
circumftance which we have not attended to, or been 
able to diftinguhh from others not fo effential. In the 
example we are confidering it is clearly proved from ex- 
perience, that p x v 2 is equal to pv' + ^ ; but whether 
that be true in every other cafe that may be conceived, 
can never be determined from fuch an experiment; nor 
is it poffible to make any diftindtions about it, until we 
have demonftrated its connexion with fome other princi- 
ple, which is more iimple and lefs contefted. 

Retaining the fame fymbols, let f reprefent the force 
of gravity, and/the force which accelerates the body q. 
in its motion. From what has been already fhewn it ap- 
pears, that F :f::ap+bp : ap and F-f:f::bp:ap:: 
"ill.pv* an d becaufe pv is the motion generated in Q, 

6 '*y 
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by the force/, "-—■ will be the motion loft in the fame 
body o_by the diminution of its gravity. Let a be any 
prifmatic particle of the body, and ad its diftance from 

the axis; the velocity of this particle will be - AD ; its 

motion - — — — , and, by the nature of the lever, the 
motion which Q_muft lofe to generate fuch an effect in a 
muft be — -i . The quantity -^- reprefents the fum 

of all the quantities — -- — ; and therefore the motion, 
which Q.has loft by its action on the body, is precifely 
equal to the motion gained by the different parts of that 
body after a proper allowance is made for the lengths of 
the levers, ad, Sec. 

Thus it appears, that there is no neceflity in account- 
ing for the time of ojs defcent and the velocity it ac- 
quires, of having recourfe to the confervatio vis viva, or 
any fuch perplexed hypothec's. By purfuing the ana- 
lytic method far enough, we have been led directly to 
that fundamental law of motion, that action is equal to 
re-action, and in the contrary direction. 

A diftinction, however, is always to be made between 
the actions of bodies when at liberty, and when they re* 
«olve about a center or axis. In the firft cafe the motion 

loft 
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loft is always equal to the motion communicated in an 
oppolite direction : in the fecond the motion loft is to be 
increafed or diminifhed in the ratio of the levers before 
it will be equal to the motion communicated. The pro- 
perties of the lever are well underftood and eafily ap- 
plied, and becaufe their evidence depends upon expe- 
rience, and is as firmly eftabliihed as the third law of 
motion itfelf, it is always beft to make ufe of thofe two 
univerfal principles, inftead of others which are more 
liable to deceive xis w . 

In all cafes concerning the motion of a fingle body, or 
fyftem of bodies, where there is any rotatory motion, the 
confideration of the lever becomes requifite, and that, 
with a juft application of the laws of motion, is fufficient 
for the refolution of the moft arduous problems. It is 

( h) It is acknowledged, that the experiments which have been made to deter- 
mine the effefts of wind and water-mills do not agree with the computations of 
mathematicians; but this is no objection to the principles, here maintained. 
Writers generally propofe fuch examples with a view rather of illuftrating the 
methods of calculation by algebra and fluxions, than of making any ufeful im- 
provements in pra&ice. They fuppofe the particles of the fluid to move in 
ftraight lines, and to ftrike the machine with a certain velocity; and after that, 
to have no more effeft. As fuch fuppofitions are evidsntlyinconfiftent with the 
known properties of a fluid, we are not at a lofs to account for a difference 
between experiment and theory ; and therefore it fhould feem unreafonoble to 
affert, that certain authors of reputation have neglecled the collateral cireutn- 
ftances of time, fpace, or velocity, in the refolution of thefe problem*, unleCs we 
were able to point out fuch omifiions. 

Vol. LXVIII. Bbb now 
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now pretty well agreed upon, that the neglect of this 
circumftance is one caufe of that material error, which 
Sir isaac newton himfelf is fuppofed to have fallen 
into in the thirty-ninth propofition of the third book of 
his Principia. 

I had feveral reafons for infilling fo particularly on 
the demonftration of this third cafe. It is in itfelf one of 
the moft neat and elegant problems we have; and, what 
is of more confequence, it admits of an experimental proof 
and illuftration. It is obyious, that the motion of the 
body a m b may be made fo flow, that the time of o^s 
defcent through any aflignable fpace may be meafured 
to the greateft exactnefs. The velocity of Q_may alfo be 
inferred with the fame eafe by obferving the velocity of 
any particular point in the body to which the velocity of 
o^always bears an invariable ratio. Such experiments, it 
muft be owned, feem very unfit for the firft difcovery of 
the laws of nature; though, as I have Ihewn, it is not 
impoffible to coliecl: them that way; but after they are 
difcovered, the application of them to the folution of 
fuch intricate problems is both entertaining and inftruc- 
tive, and then the agreement of the experiments them- 
felves with the theory becomes a folid argument for the 
certainty of our principles. 

i We 
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We have lhevvn, that in this cafe at leaft Bernoulli's 
hypothefis is founded upon, and coincides with, the com- 
monly received doctrine of motion, and therefore we can 
hardly entertain a doubt of the fuccefs of the experi- 
ment, fuppofing it had never been tried. The author 
himfelf, in the paffage above quoted, tells us, that he 
found it fo ; but we need not reft upon his authority : a 
limilar experiment has been lately made by Mr. smea- 
ton, and is defcribed at length in the Philofophical 
Tranfa&ions, vol. LXVI. 

It does- not appear, that d. Bernoulli attempted to 
meafure any thing but the time of c^s defcent through 
any particular fpace : Mr. smeaton has given us both 
the times of q£s defcent, and the proportions of the velo- 
cities acquired, in a variety of cafes. By moving the 
weights he makes ufe of nearer to, or farther from, the 
center d, he alters the lengths of the levers at which the 
particles a&, without increafe or diminution of their 
number: he does the fame with the circle or axis nmp, 
and confequently the lever md; and in every cafe, from 
the known character of that ingenious gentleman, we 
may prefume that his numbers are fafely to be relied 
upon. 

His conclufions may receive fome illuftration from the 
preceding theory. 

B b b % From 
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From the proportion F :/:: ap+bv xap, it appears, 
that the force which accelerates the motion of q_, or in 
Mr. smeaton's figure, the weight in the fcale is to the 
natural force of gravity in a conftant and invariable pro- 
portion as long as the quantities a, b, p, and/>, remain 
the fame i and therefore let c^defcend ever fo flowly, its 
motion will be uniformly accelerated throughout, and 
the fpaces through which it defeends will be as the 
fquares of the velocities acquired, and the times will be 
as the velocities themfelves; and this is agreeable to what 
Mr. smeaton found them in his fecond and third, fifth 
and fixth, eighth and ninth experiments. 

The general expreflion for the force which accelerates 
the weight in the fcale is ^^~ p > and will be different ac- 
cording as the quantities a, p, or b, are altered; but is 
always eafy to be determined as foon as thofe quantities 
are known. But it is irapoffible to determine the mag- 
nitude of the quantity b in the different cafes, unlefs we 
have given the precife dimenfions of the whole machine, 
and the fpecific gravity of the wood made ufe of; and 
therefore I confefs myfelf to have been puzzled in endea- 
vouring to reconcile the firft and fecond and other expe- 
riments with the theory: for though I could not doubt a 
moment, that the general expreflion for the force was 

rightly 
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rightly affigned, and would always be found confonant 
to experience, yet I was extremely furprized to find, that 
when the quantity a in the fecond experiment was made 
exactly one^-half of what it was in the firft, the time of 
defcending through the fame fpace came out nearly dou* 
ble of what it was before, and the velocity the fame. 
Now this I knew could never happen unlefs the force in 
the firft cafe was to the force in the fecond as 4 to 1 ; for 
when, the fpaces defcribed are the fame, the accelerating 
forces are always as the fquares of the velocities, or in- 
verfely, as the fquares of the times. This confideration 
led me to inquire farther into the ratio of thofe forces in 
the cafe defcribed, in order to difeover, if poffible, whe- 
ther they came any thing near that ratio, which of ne- 
ceffity they ought to do. 

Iconfidered,that the weight of the axis and arms of the 
machine was inconfiderable, compared with the weight of 
the two cylinders of lead, and alfo that the quantity a bore 
a very fmall proportion to the length of the cylindrical 
arms of fir. And fince the accelerating force is always as 
-^rr-.oras ,/ A > and the quantity abv or e expreffes 
the fum of all the particles multiplied by the fquares of 
their diftances from the axis of motion, it is plain that 
e muft far exceed a*p; and, laftly, fince the quantity e is 
6 thes 
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the fame both in the firft and fecond experiment, it fol- 
lows, that the forces are very nearly to one another as 

tfp to — , or as 4 to 1 : and in the fame way the other 
experiments are fhewn to be confiftent with the theory. 
I chofe to premife a fhort account of the opinions which 
the phiiofophers before Galileo entertained concerning 
the motions of bodies ; becaufe their miftaken ideas of 
the effects of gravity are analogous to fome opinions of 
a later date, which indeed fuggefted the neceffity of re- 
fuming thefe inquiries. 

And as nothing in controverfial matters fb com- 
pletely fatisfies the mind as an exact knowledge of 
that particular which produces the difpute; I have 
fhewn, that the terms made ufe of to exprefs the third 
law of motion were taken in two very different fenfes : 
that Sir isaac newton's explication of them is at beft 
ambiguous, and maclaurin's abfolutely falfe. 

1 ft. In the demonftration of the firft cafe we fee that 
the affertion of leibnitz is true in one particular in- 
ftance. When two elaftic balls move in the fame ftraight 
line, the fum of their forces is not altered by collifion ; 
and it is more than probable, that this fingle circum- 
ftance was the caufe of affixing new ideas to the terms 
action and re-acfion. For, 

ad. In 



Motion by IrnpaEi and Gravity. 377 

ad. In the fecond cafe, the fame principle is taken for 
granted by j. Bernoulli. We have examined into the 
confequences of this author's folution, and fliewn that 
his hypothecs will prove all bodies to be perfectly elaftic. 
As the fteps by which he deceived himfelf are here ex- 
pofed, whoever carefully attends to thefe two examples 
cannot eauTy miftake in any cafe that may occur. It is 
plain, that if any one contends for the equality of action 
and re-a&ion, and explains thofe terms by the changes 
produced in the abfolute forces of the bodies, the difpute 
is not merely verbal. 

3d. When a conclufion, agreeable to experience, is de-? 
duced from any hypothefis, it does not therefore necef- 
farily follow, that the hypothefis is univerfally true, not 
even fuppofing the converfe of the propofition to hold. 
In this third cafe it is fhewn, what kind of anfwer we are 
to give fuch reafoning. The conferva tio viriumvivarum 
is never to be admitted, unlefs its connexion with fimple 
fails, which are inconteftable, be firft made out. The 
folution of this problem depends on this, that the 
motion loft is equal to the motion communicated in, 
a contrary direction after the property of the lever 
is taken into the account; and therefore the nice 
agreement of Mr. smeaton's experiments with the 

theory 
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theory cannot fail to add frefh evidence to thefe efta- 
blifhed laws of nature. 

I fhall conclude thefe remarks with obferving that 
fince it is perhaps impoflible to give one general anfwer 
to all the arguments which are brought in favour of the 
new doctrine of forces, it feemed very defireable that we 
ihould have a general rule to direct us in judging of the 
cafes that occur in practice. It is of more confequence to 
the improvement of fcience and the good of the public, 
to point out the fource of miftakes, and the wifeft means 
of avoiding them for the future, than merely to confute 
and filence our adverfaries. Some writers have con- 
fidered this queftion as entirely verbal, and have affected 
to treat the advocates on both fides with the greatefl con- 
tempt. Such perfons fave themfelves a great deal of 
trouble, and have the credit of feeing farther into 
the controverfy than others ; but after all, I am afraid 
the practical mechanic will receive little information or 
feeurity from fuch fpeculations. Propriety of expreffiori 
in thefe matters is not all we want. When a plan is pro- 
pofed for execution, and a certain effect predicted, the 
grand object is, how to form a fure judgement before-r 
hand of the event, in order to prevent vmneceffary ex- 
pences ; and I mall think my time well employed, if thefe 

conli- 



Motion &y Impatf and Gravity. 379 

considerations appear to have the leaft tendency to pro- 
mote foufeful an end, in the opinion of that Society to 
whofe learned and zealous endeavours we owe the very 
firft important difcoveries in the year 1668, concerning 
the collifions of bodies. 
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